Some Properties of String Field Algebra by Kishimoto, I
YITP-01-69
hep-th/0110124
Some Properties of String Field Algebra
Isao Kishimoto




We enjoy string eld algebra which is generated by star product in Witten’s
string eld theory including ghost part. We perform calculations using oscil-
lator representation consistently. We construct wedge like states in ghost part
and investigate algebras among them. As a by-product we have obtained some
solutions of vacuum string eld theory. We also discuss some problems about
identity state. We hope these calculations will be useful for further investigation
of Witten type string eld theory.
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1 Introduction
Recently, string eld theory has been discussed again in the context of tachyon condensation1
and it is important to get exact solutions of it for reasonable discussion. Motivated by
development of noncommutative eld theory, some techniques are discussed especially to
construct analogy of projection in matter part of open string eld theory with Witten type
? product [2] of string eld. String eld algebra with respect to the ? product has been
often discussed only in matter part, but to solve equation of motion of Witten type string
eld theory, we should consider ghost part more seriously. It is important to develop some
techniques in ghost part corresponding to that in matter part and discuss some properties
for this purpose.
In this paper, we expand some techniques of string eld algebra which was mainly devel-
oped in [4][6] to ghost part by using oscillator representation consistently.2 We can calculate
? product analogously in bc ghost nonzero modes by using some relations among Neumann
coecients similar to that in matter part, but we should treat ghost zero modes carefully.
Dierences of formulas between matter part and ghost part come from ghost zero modes or
the balance of ghost number. As a by product of our formulations, we get some classical so-
lutions of vacuum string eld theory (VSFT)3 in the Siegel gauge and resolve some mystery
about identity state in the oscillator language.
We hope these calculations will be useful to get exact solutions of original Witten’s string
eld theory [2] or analyze VSFT thoroughly.
This paper is organized as follows. In x2, we review constructions of Witten’s string
vertex which gives the denition of ? product between string elds and give some useful
relations among Neumann coecients which we use very often in later concrete calculations.
In x3, we investigate algebras among squeezed states. Especially, we dene reduced star
product which simplies formulas and calculations of ? product in ghost part. In x4, we get
solutions of VSFT by using techniques in previous sections and discuss some issues about
identity state. In x5, we discuss some prospects and future problems. In appendix, we collect
our conventions and some useful formulas.
1For a review of recent works, see [1] for example.
2Although there is half-string formulation which was developed in [3][4][5] (and references therein) and
used for concrete calculations of ? product in matter part, we do not use it because treatment of zero modes
in both matter and ghost part is rather subtle.
3For a review, see [7].
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2 Witten’s string vertex
Here we review construction of Witten’s 3-string vertex including ghost part, and show some
relations among Neumann coecients which we often use for later calculations of the ?
product in both matter and ghost part.
There are two ways to construct oscillator representation of Witten’s 3-string vertex: one
is purely algebraic treatment and the other is to use of Neumann function. Although the
former has advantage to nd relations among Neumann coecients, there is a little nuisance
to treat ghost zero modes in ghost part. We relate both techniques by using a construction
[9] in which 6-string vertex in matter part leads 3-string vertex in matter and ghost part and
show some relations between Neumann coecients including ghost part.
2.1 Witten’s N-string vertex in matter part
We can obtain matter N -string vertex algebraically. We follow the procesure of construction
in [8]. Actually only N = 6 case is necessary for our purpose to dene the ? product.
The connection condition on Witten type N -string vertex jVNi is
X(r)(σ)−X(r−1)(pi − σ) = 0, P (r)(σ) + P (r−1)(pi − σ) = 0, 0  σ  pi2, r = 1,    , N. (1)




























, ωN = exp (2piiN) ,(2)
this connection condition is rewritten as
Qk(σ) =
(
ωkNQk(pi − σ) 0  σ  pi2




−ωkNPk(pi − σ) 0  σ  pi2
−ω−kN Pk(pi − σ) pi2  σ  pi
(k = 1,    , N) (3)
or
(1− Yk)jQk) = (1 + Yk)jPk) = 0, (4)
where
Yk = cos (2pikN)C + sin (2pikN)X, Cnm = (−1)nδn,m, n,m  0,
2
X(σ, σ0) = i (θ (pi2− σ)− θ (σ − pi2)) δ(σ + σ0 − pi),
X = Xy, X2 = 1, X = XT = −X = CXC, Y yk = Yk, Y 2k = 1, Yk = Y Tk = Y−k = CYkC.
(5)
Under the ansatz
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−kn), [Qkn, Plm] = iδk+l,0δn,m
Qk0 = i2
p




−k0), [Qk0, Pl0] = iδk+l,0, (7)
connection condition is rewritten as equations of matrices:
(1− Yk)E(1 + Uk) = 0, (1 + Yk)E−1(1− Uk) = 0,




2, Enm = 1
p
nδn,m, En0 = E0m = 0, n,m  1. (9)
Its solution is given by
Uk = (2−EYkE−1 + E−1YkE)(EYkE−1 + E−1YkE)−1
= (E−1YkE + EYkE−1)−1(2− E−1YkE + EYkE−1),
UTk =
Uk = CUkC = UN−k, U2k = 1, UN = C. (10)
Finally, we obtain N -string vertex as
























U r+1s+1 = U rs, U rsT = Usr, U rs = CUsrC. (11)
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2.2 Neumann coecients in matter part
We get the relation between usual Neumann coecients and ‘Gross-Jevicki’ coecients by
treating zero modes carefully.4
By using Neumann function techniques, we can construct vertex which satises connec-
tion condition in the following form expressed using momentum for zero modes:
jVNi = ~µN
Z





























where zero mode basis are given by
j0, pi = j0, p(1)ij0, p(2)i    j0, p(N)i,








(r) − 12a(r)y0 a(r)y0

j0i, b = 2α0. (13)








To relate coecients V rsnm with U
rs
nm, we rewrite eq.(12) into the form eq.(11) by performing
Gaussian integral with respect to momentum. We get the relations between U rs and V rs:
Unm = Vnm − Vn0A−1V0m, n,m  1,
U0n =
p
bA−1V0n, n  1,
















Ars = b2δr,s + V rs00 . (15)
Conversely, we get





N 1 + (Uk)001− (Uk)00 = b2N
N−1X
k=1
cos (2pik(r − s)N) 1 + (Uk)001− (Uk)00,
4This was done for N = 3 case in [10] (Appendix B).
4















N ((Uk)nm + (Uk)n011− (Uk)00(Uk)0m) , (16)











V tu00 = 0. (17)
We can also rewrite V rsnm (n,m  1) like U rsnm (n,m  0) in (11) :






~Uk)nm, n,m  1,




k = C ~UkC = ~UN−k, ~U
2
k = 1. (18)
















ml = δn,lδr,s. (19)











2.3 From 6-string vertex to 3-string vertex including ghost part
We can construct 3-string vertex from matter 6-string vertex including ghost part.6
The connection condition on Witten type 3-string vertex in ghost part is
c(r)(σ) + c(r−1)(pi − σ) = 0, b(r)(σ)− b(r−1)(pi − σ) = 0, 0  σ  pi2, r = 1, 2, 3,
(21)
5This ambiguity comes from momentum preservation.
6We use some results in the references [9].
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and in matter part are the same as (1) in N = 3 case. The 3-string vertex which satises
these conditions is given as follows [9]:
jV3i = ~µ3
Z


































j0, pi = j0, p(1)ij0, p(2)ij0, p(3)i,
b(i)n j0, p(i)i = 0, n  1, c(i)m j0, p(i)i = 0, m  0, (22)
where these Neumann coecients V rsnm, X
rs
nm are given by using 6-string vertex in matter part
as follows. In N = 6 case in matter part, denoting as
U1 =: ~U, U2 =: U, U3 = −C, U4 = U, U5 = ~U, U6 = C, (23)
in the notation of x2.1, and Neumann coecients in x2.2 as V (6)rsnm, we get the relations :
V rsnm = (V
(6)rs + V (6)rs+3)nm = 13
(








n = (−1)r+s(V (6)rs − V (6)rs+3)mn = 13
(−C + ωs−rUG + ωr−s UGmn (24)
where






G = CUGC, U
2
M = 1, U
2



















which correspond to eq.(19). For the matrices
M0 := CV
rr, M := CV rr1, ~M0 := −CXrr, ~M := −CXrr1, (27)
where these indices run from m = 1 to 1, we can show relations :
CM0 = M0C, CM+ = M−C, C ~M0 = ~M0C, C ~M+ = ~M−C,
[M0,M] = [M+,M−] = 0, [ ~M0, ~M] = [ ~M+, ~M−] = 0,
6
M0 +M+ +M− = 1, ~M0 + ~M+ + ~M− = 1,










M0M+ +M+M− +M−M0 = 0, ~M0 ~M+ + ~M+ ~M− + ~M− ~M0 = 0,
M2 −M = M0M, ~M2 − ~M = ~M0 ~M. (28)
Neumann coecients which have zero indices are given by
V rs0n = V
sr
n0 := (V




ωr−sU0n + ωs−r U0n

,
V rs00 := (V
(6)rs + V (6)rs+3)00 = b3 cos (2pi(r − s)3) 1 + U001− U00,
Xrsn0 := (−1)r+s
p








Especially, ambiguity which caused by redenition of V (6)rs0n is canceled in the formula of
















































V 210 = 3M+ − 21 + 3M0V 110, V 310 = 3M− − 21 + 3M0V 110,
X210 = − ~M+1− ~M0X110, X310 = − ~M−1− ~M0X110, Xrs0 = (δrs +Xrs)11 +X11X110.(30)
Eqs.(28)(30) are very useful formulas for concrete calculations of the ? product in the fol-
lowing sections.
For completeness we write down 3-string vertex in oscillator representation:

























rs + U rs+3)nm = 13(C + ω
r−sU + ωs−r U)nm, n,m  0,
µ3 = ~µ3
(
24(2pi)33b2 (1− U001− 13U00)2
d2
(2pib)−3d4 ,
j0i = j0i1j0i2j0i3, j0ir = j0iM(r)j+iG(r),
j+iG(r) = c(r)0 c(r)1 jΩiG(r), a(r)n j0iM(r) = 0, n  0 (31)
where jΩiG is conformal vacuum. This U 0rsnm corresponds to (11) of the N = 3 case in x2.1.








Note that jV3i has cyclic symmetry:
jV3i := j1, 2, 3i = j2, 3, 1i = j3, 1, 2i. (32)
2.4 Reflector and identity state
In matter part, reflector and identity state correspond to N = 2 and N = 1 case in x2.1, but
these are rather complicated in ghost part. Here we write down these formulas explicitly in
both momentum representation and oscillator representation for matter zero mode.
2.4.1 Reflector
The reflector jV2i is dened as







































This is antisymmetric: j1, 2i = −j2, 1i. The bra state of the reflector which gives bra state
from ket state generally is
hV2j = h1, 2j =
Z





































h0, pj = 1h0, p(1)j2h0, p(2)j. (34)
Note that this is symmetric: h1, 2j = h2, 1j. Here we take bra zeromode basis as
h0, pj = (2pib)−d4 h0je−12a0a0e−ipxˆ = (2pib)−d4 h0je−12a0a0+
p
bpa0−b4pp,
h0j = Gh~+jMh0j, Gh~+j = GhΩjc−1, Mh0jayn = 0, n  0, (35)
where GhΩj is conformal vacuum. We dene normalization as follows:
Mh0j0iM = 1, Gh~+j+iG = GhΩjc−1c0c1jΩiG = 1, h0j0i = 1, h0, pj0, p0i = δd(p− p0),
h1, 2j2, 3i = 131, 131jAi1 = jAi3, 8jAi. (36)
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2.4.2 Identity state
The identity state is dened in [8] as
jIi = jV1i = 14ib+ (pi2) b− (pi2) exp
 X
n1






































d (2pib)−d4 , b−1b0j0i = j0iM jΩiG. (37)
The corresponding bra state (or integration of string eld) is8
1hIj := 12hV2jIi2, hIj = ~µ1h0, 0jb1eE˜01 = µ1h0jb1eE01,
























(−1)nb2n − (c1 − c−1)
X
n1
(−1)nb2n+1, h0jb1 = Mh0jGhΩj. (39)
8Note that this formula coincides with one given by LPP formulation [11] which is based on CFT:































where the map f(z) is dened in [12]: f(z) = 2z1− z2.
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2.5 Witten’s ? product and identity state
The Witten’s ? product of string eld is dened by using 3-string vertex (22) as :
jA ? Bi1 := hAj3hBj1, 2, 3i = h2, 4jAi4h3, 5jBi5j1, 2, 3i. (40)
We call Ψid. \identity" with respect to the ? product if A ? Ψid. = Ψid. ? A = A for any
string eld A. This condition can be rewritten as 3hΨid.j1, 2, 3i = j1, 2i in our notation. We
can check whether identity state jIi (37) is identity or not by straightforward calculation in
our oscillator representation:
3hIj1, 2, 3i = µ1µ3 (det(1−M0))−d2 det(1− ~M0)j1, 2iM j1, 2i0G,










j1, 2i0G = (1− 2[(1− ~M0)−1X110]E) 


























cy(r)(Xr30 −Xr3(1− ~M0)−1X110)(1− 2[(1− ~M0)−1X110]E)−1 
[(1− ~M0)−1C(X3s0b(s)0 +X3sby(s))]E
= −(cy(1) − cy(2))11− ~M0X110(b(1)0 − b(2)0 ), (41)




(−1)n[ ]2n, [ ]O :=
1X
n=0
(−1)n[ ]2n+1, byn = b−n, cyn = c−n, n  1. (42)
j1, 2i0G can be rewritten as
j1, 2i0G = (1− 2[(1− ~M0)−1X110]E) 

h






















−m)j+iG12, j1, 2iG = (b(1)0 − b(2)0 )jV r2 i12. (43)
This shows that the identity state jIi is not identity with respect to ? product although jIi
is identity if it is restricted only in matter part.
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3 String eld algebra
In this section we enjoy string eld algebra of the ? product between squeezed states in both
matter and ghost part by using explicit formulas in previous section.
3.1 Matter part
In this subsection, we restrict calculations in matter part. We consider only zero momentum
sector for simplicity. If we include matter zero modes in oscillator representation, we can
perform similar calculations because relations of Neumann coecients are the same. Note
that U rsnm n,m  0 (11) in N = 3 case of x2.1 and V rsnm n,m  1 (2.3) satisfy the same
relations such as (28). This algebra was obtained in [4][6] essentially, but we write down
string eld algebra for comparison with that in ghost part which will be discussed in the
following subsection.
3.1.1 Wedge state
We dene squeezed state jnβi with parameter β which correspond to wedge state as :




where jni is given by the state which is obtained by taking ? product n − 1 times with a
particular squeezed states j2i:
jni := (j2i)n−1? , j2i = µ2e−12a
yCT2ay j0i. (45)
For simplicity, we take a matrix T2 which satises
CT2 = T2C, T
T
2 = T2, [M0, T2] = 0, T2 6= 1. (46)
then Tn, µn in eq.(45) are given by






−d2 (1− T1− T + T 2n−2 det d2 (1− T 2(1− T2T )n−1 + T (T2 − T )n−1 ,
M0 = T1− T + T 2. (47)
Here the matrix T is expressed with M0 by solving the quadratic equation
M0T
2 − (1 +M0)T + M0 = 0. These formulas are obtained by solving recurrence equation
with respect to n [6]. Note that j2i is Fock vacuum j0i if and only if T2 = 0.
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We can show by calculating straightforwardly














= Cmβ2C ,nβ1C ,
ρ1(n,m) = M− +M+TmTn,m, ρ2(n,m) = M+ +M−TnTn,m, Cρ1(n,m) = ρ2(m,n)C,
Tn,m = (1 + T )(1− T )21− T + T 2(1− T2T )n+m−2 + T (T2 − T )n+m−2((1− T2T )n−1 + T (T2 − T )n−1)((
= 1 +M0(TnTm − Tn − Tm) = Tm,n.
We can calculate ? product between states of the form ayk   ayl jni by dierentiating eq.(48)
with parameter β and putting β = 0.
3.1.2 Identity and sliver state
The matter identity state is given by
jIiM := µI exp
(−12ayCay j0i, µIµM3 = det d2 (1−M0) = det d2 ((1− T )21− T + T 2 ,
(50)
where µM3 is normalization factor of 3-string vertex in matter part, which is \identity" with
respect to the ? product in matter part:
3M hIjV3iM123 = 34M hV2jIiM4jV3iM123 = jV2iM12. (51)
This identity state correspond to n = 1 case in eqs.(45)(47) formally, and eqs.(44) (48)
become
jIβi = µI exp
(
βay − 12ayCay j0i (52)
and
jIβ ? Iβ0iM = e−C1(β,β0)jIβ+β0iM ,
C1(β,β0) = 12

βCM−1−M0β 0T + β 0CM+1−M0βT





The matter sliver state jiM is given by
jiM := µ1 exp
(−12ayCTay j0i, µ1 = det d2 (1− T 2 (54)
which is normalized as
j ? iM = jiM , µM3 = det d2
(
1− T1− T + T 2 , µI = det d2(1− T ). (55)
This means jiM is projection in matter part.
For consistency with T1 = T , suppose (T − T2)n ! 0, (n!1), we can x µ2 as
µ2 = det





1− T 21 + T (T2 − T1− T2T )n−1

, µ1 = µI , , jIiM = j1i, jiM = j1i. (57)
We have ? product formula corresponding to n = 1 in eq.(48)
jβ ? β0i = e−C1(β,β0)jβρ1+β0ρ2i,
C1(β,β0) = 12(β, β 0)C(1−M0)(1 + T )
 
M0(1− T ) M−






= 12(β, β 0)C1− T 2
 
T ρ1 − ρ2T







ρ1 = M− + TM+(1 + T )(1−M0), ρ2 = M+ + TM−(1 + T )(1−M0),
M+1−M0 = ρ2 − ρ1T1− T , M−1−M0 = ρ1 − ρ2T1− T . (58)
Here ρ1, ρ2 are projection operators:
ρ21 = ρ1, ρ
2
2 = ρ2, ρ1 + ρ2 = 1, ρ1ρ2 = ρ2ρ1 = 0, ρ1C = Cρ2. (59)
In particular, we write down ? product formula between n = 1 and n = 1 case in eq.(48):
jIβ ? β0i = exp

−12βCT1− TβT − βCρ1 − ρ2T1− Tβ 0T

jβρ1(1+T )+β0i,
jβ ? Iβ0i = exp

−12β 0CT1− Tβ 0T − βCρ1 − ρ2T1− Tβ 0T

jβ+β0ρ2(1+T )i. (60)
9µ3 = µM3 if T2 = 0 [6].
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3.2 Ghost part
Here we consider string eld algebra in ghost part. If we consider only ghost nonzero mode
and use fock vacuum Gh~+j, j+iG, we can get some formulas similar to matter part in previous
subsection because Neumann coecients Xrsnm, n,m  1 (2.3) satisfy similar relations as
matter part (28). But there exist ghost zero modes, the ? product formulas are rather
complicated than that in matter part. We introduce reduced product and get some useful
formulas and then we consider Witten’s ? product formula between ghost squeezed states in
the Siegel gauge.10
3.2.1 Reduced product
We dene reduced product ?r by
jA ?r Bi := 2hArj3hBrjV r3 i123, hArj := hV r2 jAi, (61)
where we restrict string elds jAi, jBi such that they have no b0, c0 modes on fock vacuum
j+i. Here we introduced reduced reflector hV r2 j and reduced 3-string vertex jV r3 i which
contain no b0, c0 on vacuum Gh~+j, j+iG, i.e. they are related with usual reflector (34) and
3-string vertex (22) by









jV r3 i123. (62)
This ?r product satises associativity : j(A ?r B) ?r Ci = jA ?r (B ?r C)i. In fact we have
obtained the following formula by straightforward calculation :
26hV r2 jV r3 i456jV r3 i312 = 26hV r2 jV r3 i536jV r3 i142 = 26hV r2 jV r3 i146jV r3 i532





E11 = E33 = E44 = E55 = C ~M01 + ~M0, E
13 = E35 = E41 = E54 = C ~M2−1− ~M20 ,
E14 = E31 = E45 = E53 = C ~M2+1− ~M20 , E15 = E34 = E43 = E51 = C ~M+ ~M−1− ~M20 .(63)
We dene ghost squeezed state jnξ,ηi with Grassmann odd parameters ξ, η which corre-
sponds to jnβi (44) in matter part:
jnξ,ηi := eξby+ηcy jniG = ~µn exp

ξby + ηcy + cyC ~Tnby

j+iG, (64)
10We call jΨi in the Siegel gauge if b0jΨi = 0.
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where jniG is dened by the state which is obtained by taking ?r product n− 1 times with
a particular ghost squeezed state j2iG :





We take a matrix ~T2 which satises
C ~T2 = ~T2C, [ ~M0, ~T2] = 0, ~T2 6= 1, (66)
for simplicity, and then we have obtained formulas for ~Tn, ~µn,











(1− ~T2 ~T )n−1 + ~T ( ~T2 − ~T )n−11− ~T 2

,
~M0 = ~T1− ~T + ~T 2. (67)
by solving the same recurrence equations as that in matter part. Here ~T is expressed with
~M0 as a solution of the quadratic equation ~M0 ~T
2 − (1 + ~M0) ~T + ~M0 = 0.
For this ghost squeezed state, we have the ?r product formula:




j(n+m− 1)ξρ˜1(n,m)+ξ0ρ˜2(n,m) ,ηρ˜T1(n,m)+η0ρ˜T2(n,m)i, (68)
where
hnrξ,ηj = hnrjeξCb−ηCc = ~µnGh~+j exp

−c ~TnCb+ ξCb− ηCc

,









= Cmξ0C,η0C ,nξC,ηC ,
~ρ1(n,m) = ~M− + ~M+ ~Tm ~Tn,m, ~ρ2(n,m) = ~M+ + ~M− ~Tn ~Tn,m, C ~ρ1(n,m) = ~ρ2(m,n)C,
~Tn,m = (1 + ~T )(1− ~T )21− ~T + ~T 2(1− ~T2 ~T )n+m−2 + ~T ( ~T2 − ~T )n+m−2((1− ~T2 ~T )n−1 + ~T ( ~T2 − ~T )n−1)((
= 1 + ~M0( ~Tn ~Tm − ~Tn − ~Tm) = ~Tm,n.
These formulas are similar to that in matter part (48)(49). We can obtain ?r product between
the states of the form byk    cyl jniG by dierentiating eq.(68) with respect to parameters ξ, η
and putting them zero.
3.2.2 Identity and sliver like state
We consider a particular state jIri which was excluded as a candidate for j2iG :
jIriG := ~µrI exp
(
cyCby
 j+iG, ~µrI ~µr3 = det −1 1− ~M0 = det1− ~T + ~T 2(1− ~T )2 , (70)
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where ~µr3 is normalization factor of jV r3 i. This is identity-like state of ghost part,i.e., identity
with respect to the ?r product which was introduced in eq.(61) because it satises following
equation.11
3hIrjV r3 i123 = 34hV r2 jIri4jV r3 i123 = jV r2 i12, (71)
although it is different from the identity state jIi (37) in ghost part as follows :
jIi = 14ib+ (pi2) b− (pi2) jIiM jIriG = [by]O(b0 + 2[by]E)jIiM jIriG, (72)
where we used the notation of (42). Corresponding to (52) in matter part, we consider the
states of the form
jIξ,ηi = ~µrI exp
(
ξby + ηcy + cyCby
 j+iG, (73)
then we have ?r product between them :
jIξ,η ?r Iξ0,η0i = e−C1(ξ,η;ξ0 ,η0)jIξ+ξ0,η+η0i,
C1(ξ,η;ξ0,η0) = ξC ~M−1− ~M0η0T + ξ0C ~M+1− ~M0ηT = C1(ξ0C,η0C;ξC,ηC). (74)
This is n = 1 case of eq.(68) formally.
Next we dene sliver-like state of ghost part :









This state is analogy of projection with respect to the ?r product :
jr ?r riG = jriG, ~µr3 = det −1

1− ~T1− ~T + ~T 2

, ~µrI = det
−1(1− ~T ). (76)
For formal consistency with the case n = 1 in eqs.(65)(67), suppose ( ~T− ~T2)n ! 0, (n!1),
we x ~µ2 as
~µ2 = det





1− ~T 21 + ~T

~T2 − ~T1− ~T2 ~T
n−1
, ~µ1 = ~µ
r
I , , jIriG = j1iG, jri = j1iG.
(78)
11Here the ket jV r2 i is reduced reflector which was dened in eq.(43). Note that 12hV r2 jV r2 i23 = 131 if we
consider string elds which have no b0, c0 modes on Gh~+j, j+iG.
12~µ3 = ~µr3 if ~T2 = 0.
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We have obtained ?r product formula for n,m = 1 case in eq.(68) :
jξ,η ?r ξ0,η0i = e−C1(ξ,η;ξ0 ,η0)jξρ˜1+ξ0ρ˜2,ηρ˜T1 +η0ρ˜T2 i,
C1(ξ,η;ξ0,η0) = (ξ, ξ0)C(1− ~M0)(1 + ~T )
 
~M0(1− ~T ) ~M−






= (ξ, ξ0)C1− ~T 2
 
~T ~ρ1 − ~ρ2 ~T







~ρ1 = ~M− + ~T ~M+(1 + ~T )(1− ~M0), ~ρ2 = ~M+ + ~T ~M−(1 + ~T )(1− ~M0),
~M+1− ~M0 = ~ρ2 − ~ρ1 ~T1− ~T , ~M−1− ~M0 = ~ρ1 − ~ρ2 ~T1− ~T .
(79)
In this notation, ~ρ1, ~ρ2 are projection operators :
~ρ21 = ~ρ1, ~ρ
2
2 = ~ρ2, ~ρ1 + ~ρ2 = 1, ~ρ1~ρ2 = ~ρ2~ρ1 = 0, C ~ρ1 = ~ρ2C. (80)




−ξC ~T1− ~TηT − ξC ~ρ1 − ~ρ2 ~T1− ~Tη0T − ξ0C ~ρ2 − ~ρ1 ~T1− ~TηT





−ξ0C ~T1− ~Tη0T − ξC ~ρ1 − ~ρ2 ~T1− ~Tη0T − ξ0C ~ρ2 − ~ρ1 ~T1− ~TηT

jξ+ξ0ρ˜2(1+T˜ ),η+η0(ρ˜2(1+T˜ ))T i.
(81)
3.2.3 The ? product in ghost part
Here we consider Witten’s ? product dened by eq.(40) in the Siegel gauge. By using the
reduced product ?r (61), the ? product (40) in the Siegel gauge can be written rather simply,
i.e. for ji = b0jφi, jΨi = b0jψi, where jφi, jψi have no b0, c0 modes, their ? product is13







= (1 + b0c
yX110)jφ ?r ψi+ b0
(j(cyX210φ) ?r ψi+ jφ ?r (cyX310ψ)i . (82)
From this formula (82) and eq.(68), we have obtained the ? product between ghost squeezed
states (64) in the Siegel gauge :
j(b0nξ,η) ? (b0mξ0,η0)i
























1− ~Tn ~Tm ~Tn,m = 1− ~T1− ~M0  (1− ~T2 ~T )n+m−2 − ( ~T2 − ~T )n+m−2(1− ~T2 ~T )n+m−2 + ~T ( ~T2 − ~T )n+m−2.
(84)
In particular, for identity and sliver like states we get some rather simple formulas:
jb0Ir ? b0Iri = jIri,






and with parameters ξ, η,
jb0Iξ,η ? b0Iξ0,η0i =








y1− ~T1− ~M0X110 − b0(ξ~ρ1 + ξ0~ρ2)11− ~M0X110

e−C1(ξ,η;ξ0 ,η)jξρ˜1+ξ0ρ˜2,ηρ˜T1 +η0ρ˜T2 i,
jb0Iξ,η ? b0ξ0,η0i =

1 + b0c
y1− ~T1− ~M0X110 − b0(ξ~ρ1(1 + ~T ) + ξ0)11− ~M0X110

jIξ,η ?r ξ0,η0i,
jb0ξ,η ? b0Iξ0,η0i =

1 + b0c




4 Solutions of vacuum string eld theory
We consider equation of motion of VSFT [7] for an application of techniques which we have
developed in previous sections.
The equation of motion of VSFT is given by
QjΨi+ jΨ ?Ψi = 0, , (87)
where Q is given by a linear combination of c ghost modes :
Q = c0 +
1X
n=1
fn(cn + (−1)ncyn) = c0 + f  (c+ Ccy). (88)
Here fn is a particular coecients which we choose appropriately. To solve eq.(87), we set
the ansatz for solutions in the Siegel gauge as :





, jP ? P iM = jP iM . (89)
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This means that it is factorized into matter and ghost part, matter part is some projection
and ghost part is some linear combination of ghost squeezed states of the form (65) with
appropriate coecients gn for simplicity. In matter part, we can choose jP iM as matter
identity jIiM or matter sliver state jiM for example.14 To solve eq.(87), we substitute (89)
and nd coecients gn of jΨi and fn of Q in the same time.
Noting
QjniG = cyC(1− ~Tn)  fT jniG, (90)
we have obtained the following solutions.
1. identity-like solution
Q = c0, jΨi = −b0jP iM jIriG. (91)
2. sliver-like solution
Q = c0 + (c+ c
y)11− ~M0X110, jΨi = −b0jP iM jriG. (92)
This was constructed in [13].15
3. another solution
Q = c0 − (c+ cy)11− ~M0X110, jΨi = −b0jP iM(jIriG − jriG). (93)
This is the solution for the Q in which coecients fn have opposite sign to the above
one.
The chosen Qs for these solutions consist of even modes of c ghosts because
(X110)2n+1 = 0, (
~M0)2n,2m+1 = ( ~M0)2m+1,2n = 0 (94)
which are obtained from eqs.(28)(30). Although these Q does not vanish on the identity
state hIj (39) :
hIjc0 = hIj(−1)n2(c2n + cy2n) 6= 0 (95)
we have obtained
3hIjc(3)0 jV3i123 = 0 (96)
14If we use half-string formulation [3][4][5], we can choose other projection in matter part.
15This formula is simpler than that in [13].
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from straightforward calculation. This means that we could use Qs which consist of arbitrary
linear combination of c0, (c2n + c
y
2n) for the denition of VSFT in our oscillator formulation
although it was afraid to be used if hIjQ 6= 0 in [7].
Note that the equation (96) also means
j(c0I) ? Ai = 0, 8jAi. (97)
If we take identity state jIi (37) as jAi, this becomes j(c0I) ? Ii = 0. If identity state jIi
were identity with respect to the ? product, this might show jc0Ii = 0, but it is inconsistent
with the fact c0jIi 6= 0. We can solve this mystery which was referred in [12] in our oscillator
formulation. Because identity state jIi is not identity as was shown in x2.5, we have







0 )jV3i = 0, c0jI ? Ai = jI ? (c0A)i, 8A (98)
which we can check from eqs.(22)(41).
5 Discussion
In this paper we have constructed some squeezed states jnξ,ηi with parameters ξ, η which
correspond to wedge states in matter part. They satisfy rather simple algebra with respect
to reduced ?r product which we introduced for convenience. We have also obtained the ?
product formula between them in the Siegel gauge.
For ghost squeezed states, the ?r product formulas are very similar to those in matter
part, but the ? product is a little complicated by ghost zero mode. In these calculations, the
algebras which Neumann coecients satisfy are essential. We have shown them rst with
some review for self-contained.
By applying our formulations to VSFT, we have obtained some solutions of equation of
motion which are expressed by ghost identity and sliver like states. To get some physical
implications, we should examine these solutions as was done for a particular solution in [13].
It is a future problem to discuss physical spectrum around these solutions, potential hight
and so on. We hope our techniques will be helpful to get solutions of original Witten’s string
eld theory and analyze them.
Although we have used oscillator representation consistently and performed algebraic
calculations, it is also important to interpret them in the CFT language to obtain geometrical
meaning of our treatment in ghost part.
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We noted that the identity state jIi is not identity with respect to the ? product by
straightforward calculation. We can also show that associativity of the ? is broken gen-
erally by calculating 26hV2jV3i456jV3i312 straightforwardly although the reduced ?r product
satisfy associativity. This comes from Neumann coecients Xrs0 which are related to ghost
zero mode. This problem which is inconsistent with naive consideration about connection
condition was known as associativity anomaly.[14] It is subtle but important problem to
discuss Witten type string eld theory rigorously and consistently.16 It is a future problem
to investigate this issue more seriously.
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A Conventions
Here we list up our conventions.
Mode expansion in matter part (µ = 1,    , d):















































µν , [aµn, a
yν
































0 ] = η
µν . (101)
16It was not necessary to consider associativity of the ? product in this paper because we discussed only
equation of motion.
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inσ, fcn, bmg = δn+m,0. (102)
B Some formulas
Here we collect some useful formulas which we often use in calculations.
B.1 Gaussian integral
We can prove useful formulas for oscillators by using coherent state and perform Gaussian
integral.
For bosonic oscillator an, a
y
n and Fock vacuum j0i :
[am, a
y
n] = δmn, anj0i = 0, (103)
we get a formula






det(1−MN) exp (12λN(1−MN)−1λ+ 12µM(1 −NM)−1µ+ λ(1−NM)−1µ
 exp ((λN + µ)(1−MN)−1ay + 12ayN(1 −MN)−1ay j0i, (104)
where M,N are symmetric matrices.




n and Fock vacuum j+iG :
fbm, cyng = δmn, fcm, byng = δmn, cnj+iG = bnj+iG = 0, (105)
we get18
exp (bMc + bλ + µc) exp
(
byNcy + byξ + ηcy
 j+iG
= det(1 +MN) exp
(
(µ− ηM)(1 +NM)−1ξ − (µN + η)(1 +MN)−1λ
 exp (by(1 +NM)−1(−Nλ + ξ) + (µN + η)(1 +MN)−1cy + byN(1 +MN)−1cy j+iG,
(106)
where M,N are Grassmann even and λ, µ, ξ, η are odd.
17We often use notation b−n = byn, c−n = c
y
n, n  1.
18Note that this formula contains no b0, c0.
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B.2 Coherent states for bc-ghost
In our concrete calculations which contain both bc ghost nonzero and zero modes, it is useful
to insert completeness formula for coherent states.
Coherent states of nonzero mode:
jξi := e−ξcby−ξbcyj+iG, hξj := Gh~+je−bξ¯c−cξ¯b,
bnjξi = ξbnjξi, hξjbyn = hξjξbn, cnjξi = ξcnjξi, hξjcyn = hξjξcn, (107)
Coherent state of zero mode:
jξ0i := e−ξ0b0 j+iG, hξ0j := Gh~+je−c0ξ¯0 ,




dξdξdξ0dξ0jξ, ξ0ie−ξ¯cξb−ξ¯bξc−ξ¯0ξ0hξ, ξ0j. (109)
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